Introduction
The aim of this paper is to show that it is possible to damp bending waves in truss modular beams by coupling them with fourth-order electric transmission lines and adding PZT actuators in every module. The actuators behave as bars when regarded as mechanical components of the beam, and as capacitances when regarded as electrical components of the line. We show that the PZT actuators now available, see [7] , allow for an energy exchange from its mechanical form to the electrical one. As a consequence, the system which we conceive in this paper, called PEM beam, seems to be suitable for space applications. Indeed, when adding dissipative elements in the electrical circuitry (eventually charging batteries) we show that it is possible to damp those mechanical waves which in a frictionless environment would damage the structure.
The electro-mechanical system which we study is characterized by the following features: the conceived placement of PZT actuators allows for a continuously distributed control of the mechanical structure; the transmission line connecting the PZT actuators allows for a global electro-mechanical response of the structure to external loading; the equations governing mechanical and electrical phenomena are of the same type and of the same differential order, thus showing the same modal behavior.
We think that a strong modal coupling represents the most ef®cient way to control mechanical structures by means of electrical devices.
In [1] , the previous ideas were used to prove the feasibility of damping of extensional and torsional waves; we used there the standard second-order transmission line. Moreover, this second-order line was shown in [1] to be not so ef®cient for bending waves. Thus, we were led to conceive a non-standard electrical transmission line adding a capacitance and a voltagedriven current generator. The reason for this choice is intuitive: we need a line whose governing hyperbolic equation has exactly the same form as well-known Euler-Bernoulli dynamic bending equation.
We identify the constitutive equations for these fourth-order PEM beams in a way similar to that done in [2] . Both for the mechanical structure and for the proposed non-standard transmission line we obtain a coarse continuum model, easily deriving its governing equations by an identi®cation procedure based on the principle of virtual power as generalized in [4] . Of course, the subsequent modal analysis we perform can exactly describe PEM beams only when the truss module lengths are negligible with respect to the considered wave lengths.
In particular, studying the dispersion formula for forth-order PEM beams we ®nd in the frequency-line inductance plane the locus of the``maximal electro-mechanical exchange'' inductances.
For homogeneous boundary conditions and purely mechanical initial conditions, we study a time-evolution problem both for a dissipative and a non-dissipative transmission line, the appropriate choice of the line inductance value being suggested by the aforementioned locus. Contrary to what happens in PEM beams coupled with second-order transmission lines, ef®-cient piezoelectric damping of bending waves is shown to be possible for fourth-order PEM beams by means of PZT actuators already available, [7] .
Finally, we ®nd the modal damping ratios as functions of the line resistance; we prove that there exists a critical value for which the electric dissipation of mechanical energy is maximum.
System description and modelling procedure
A modular truss beam is assumed to be coupled with a transmission electrical line by introducing piezoelectric actuators which act as bars in the beam module and as capacitances in the electrical line, Fig. 1 . Figure 2 shows the electric mesh constituting a line module: the dashed element represents a voltage-driven current generator that measures the voltage in the capacitance of the module k corresponding to a current õ H k , and generates in the module (k 1) the current Àõ H k . As done in the standard transmission-line theory, we introduce a coarse model for the electric line by de®ning the function c1Y t representing the electrical charge stored in the 0Y 1-segment of the line at the instant t. The current ®eld is given by its time derivative õ c. Fig. 1 . A scheme of the piezo-electromechanical beam
Electrical balance equations
The power expended in the continuous electric line, [4] , is given by
where L is the module length, u is the potential drop per unit length due to the line impedance, / is the potential drop faced at the capacitance plates and w is the potential drop at the end points of the piezoelectric bar, Fig. 2 . We remark that the last addend in Eq. (1) arises when the following homogenizing identity is considered:
which is peculiar of the fourth-order transmission line we use.
Integrating by parts we get
that must vanish because of the weak form of Kirchhoff circuital laws, also known as the Tellegen theorem, see [10] , for every regular test ®eld õ1 verifying speci®ed boundary conditions. This means that
Equations (4) and (5) represent the localized electric balance equations.
Constitutive relations
For PEM truss beams we introduce a coarse continuum model in which the constitutive relations for the dynamical actions may be identi®ed with an approach based on the principle of virtual power as proposed in [1] and in [2] . For the sake of completeness we recall here the most important lines of the procedure developed in [1] . We deal with two models of the system: in the re®ned one, the PEM structure is a set of elastic and piezoelectric bars connected by discrete circuits, while in the coarse one, it is an equivalent beam coupled with the some electric transmission lines.
A relation between the re®ned and the continuum models is established by assigning a map from the local state variables in the coarse model, say: the position p o , attitude d and charge ®elds c, to the state variables of a module in the re®ned model, say: the positions x oAE , the attitudes g kAE and the charges q AE of the two diaphragms; for example, we used the following map:
denoting by L the reference length of the module. In order to identify the constitutive functions of the continuum we assume that for any pair of corresponding motions the power expended by the actions (mechanical and electrical) prescribed within the ®ne model equals the power expended by the corresponding actions within the coarse model
In the coarse model, we quote here the expressions for the mechanical contact force and couple (s, S), and for the PZT potential drops w j j 1Y F F F Y M in the case of a linear 2D PEM beam connected with M electrical lines Let u, v be the axial and transversal displacements and 5 the ®ber rotation in the coarse 2D continuum model; in [2] , bar elongation e b is assumed to depend on them as follows:
which in the limit of a purely¯exible beam becomes
For the electrical mesh considered, the charge at the end points of the piezoelectric actuatorsall initially discharged-is assumed to be
With these assumptions the constitutive relations in the coarse continuum model for the electric potentials in the transmission line j become
where the K's and k's material constants.
Evolution equations for fourth-order PEM beams
From now on we shall consider the piezo-mechanical module shown in Fig. 3 , in which the two PZT bars are connected to two different transmission lines characterized by the same parameters.
Introducing the constitutive relations into the mechanical and balance equations, we get the following evolution equations for mY d X c 1 À c 2 and r X c 2 c 1 :
generalizing the Euler-Bernoulli dynamic bending beam equation, [5] and [6] . In (12), the K's are the material constants de®ned in Appendix and q is the beam mass density per unit length. We remark that according to 12 3 the ®eld r is not coupled with m and d; this is due to the symmetry of the considered module. This means that, with vanishing electric initial data, the ®eld r is vanishing at every instant t. However, we remark that the ®eld r, as we have shown in [1] , plays a relevant role in damping and controlling the extensional vibrations.
Equations 12 1Y2 form a system of linear fourth-order hyperbolic equations. In the following section we show that it predicts, when choosing the maximal electro-mechanical exchange inductance K Ã L , a relevant electro-mechanical energy exchange. Similarly, because of the presence of K R -terms, it predicts the possibility of electric damping of mechanical bending waves.
Numerical results

Waves in infinite PEM beams
We start evaluating the dispersion formula associated to 12 1Y2 by assuming K R 0; it is found out, as usual, when searching for solutions in the form
where k P C and x P R. We get
The initial energy associated to a given wave form is proportional to The fraction of E related to the electro-mechanical exchange energy is given by
which depends on K L and x by means of the eigenvector v o Y d o . Figure 4 shows the graph of R ex K L Y x. For every x we de®ne as``maximal exchange'' inductances K Ã L those values which locally maximize R ex ; in Fig. 5 we show their locus. We remark that for high frequencies the two branches of the locus merge. Equation (14) has eight solutions for k at every K L and x. Let R X fk 1 Y Á Á Á k 8 g denote this set of solutions. We partition R into four pairs by associating to every root k i the closest (in the metric of the complex plane) root k jT i . Physically this partition means to group together closest wave forms.
Our numerical simulations show that a critical K Ã L minimizes the distance between some of these pairs. This mathematical fact substantiates our intuition which leads us to expect electro-mechanical coupling when the wave forms, the wave lengths and the frequencies are close.
In Fig. 6 we plot the distances of the introduced pairs as functions of K L . 
Waves in clamped-clamped, electrically insulated PEM beams
We add to 12 1Y2 the following boundary conditions for a 20-modules (total length L T 2m) truss beam:
The initial value problem for 12 1Y2 and (17) is reduced to a system of ordinary time-differential equations by a standard, component-wise, Fourier-Galerkin projection of the following differential operator:
on the set of the eigenfunctions f/ n 1g. We remark that when K C 3 0 the set f/ n 1g forms the set of eigenfunctions for the system 12 1Y2 , (17). Let xt be the obtained set of Fourier coef®cients. Then Eqs. 12 1Y2 take the form
We look for the solutions of (18) having the form
which physically represents the time-dependent coef®cient vector of the spatial modal forms, where rax represents the dimensionless damping ratio and x the pulsation. In Fig. 7 , the damping ratios rax and frequencies jxja2p are plotted as functions of K R when K L K Ã L for the ®rst modal form. Figure 7 shows that: 1. both branches 1 and 2, related respectively to mainly mechanical and mainly electrical wave forms, are distorted by the electro-mechanical coupling; 2. related to branch 1, there exists a range I R for K R in which a frequency veering and a relevant increase of the mechanical damping ratio occur; 3. because of the electro-mechanical coupling (maximal at K L K Ã L ), the eigenvectors " x 1Y2 related to branch 1 and 2 have comparable mechanical and electrical parts when K R P I R ; on the other hand, when K R j PI R Y " x 1 and " x 2 have, respectively, purely mechanical and purely electrical nature. Figure 8 shows the solution of a time-evolution problem starting from the initial data
A mutual exchange of mechanical and electrical energies is observed when the line is assumed to be non-dissipative, i.e. K R 0; this demonstrates that the critical value K Ã L ef®ciently couples the electrical and mechanical modes. Often we are interested to damp a mechanical vibration as ef®ciently as possible. A reasonable measure of damping ef®ciency can be de®ned as follows: let us consider the solution of 
12 1Y2 with (17) and some purely mechanical initial data; then, calculate the energy dissipated by the line in a period of the main harmonic. We call E d the ratio between this dissipated energy and the initial energy. Figure 10 shows the contour plots of E d as function of the electrical parameters K L and K R for two choices of initial data (k 1 in Fig. 10a , k 2 in Fig. 10b )
We can easily locate an optimal bounded range I LR for the electrical parameters K L and K R ; they behave as control parameters, respectively, for the electro-mechanical coupling and for the dissipated energy. We remark that:
1. the value for inductance maximizing E d is constant as a function of K R ; this constant value coincides with the``maximal exchange'' value as de®ned by Fig. 5 ; 2. however, the``maximal dissipation'' value for the line resistance K Ã R depends on the mode number; 3. this last value belongs to the veering range I R in which the mechanical damping ratio attains its maximum.
A physical interpretation of the existence of a critical value K Ã R may be the following: the line resistance has to be large enough to assure an electrical dissipation, and small enough to allow for the¯ow of the electro-mechanically induced current.
Concluding remarks
In this paper, as announced in [1] , we prove that a fourth-order transmission line coupled with a beam by piezoelectric extensional actuators allows for an ef®cient modal coupling and, therefore, for an ef®cient vibration damping.
The conceived control device features very high damping ratios (% 0X1) and a bandwidth coinciding with intrinsic one of the PZT actuators in use; indeed one can choose optimal and ef®cient control parameters for every vibration frequency. We recall that a damping ratio % 0X1 means that the time decrease of the wave amplitude is governed by where T is the wave period: after the time interval of two periods the amplitude is less than 307 of the initial value. Further investigations will be devoted to active control, by simply introducing in Eqs. (12) displacement-current driven voltages, and to the study of shearable PEM beams. All the numerical simulations have been performed considering the piezoelectric constants of available PZT actuators; we remark that, due to their improved performances, see [7] , the maximal exchange impedance we ®nd in the present paper is rather small when compared with those found in [1] . 
